October Math Gems

PROBLEM OF THE WEEK 14

§1 Problems

Problem 1.1. The sum of integers from 1 to 100 that are divisible by 2 or 5 is

Solution. The result= sum of integers divisible by 2+ sum of integers divisible by 5 -
sum of integers divisible by 10
(244+46....4100)+(5+10415....100)-(104-20+-30.....100)=

92 +100) + 22(5 4 100) — L2(10 + 100) = 2550 + 1050 — 550 = 3050 O

Problem 1.2. If f(z) = cos(logx), then f(%)f(%) — %(f(%) + f(zy)) =
Solution. f(1)f(2) = L(F(2) + flay)) =

coslog(L) * cos log(%) — (coslog() + coslog(zy)) =

log(Z)+1 log(Z)—1
COS log(%) * COS log(%) — cos Og(y)-; og(xy) cos og(7) 2og(acy) _

coslog(1) x cos log(%) — cos(3 log 2?) cos(5 log 3712) =

cos(—log z) cos(— logy) — cos(log ) cos(—logy) =0 O

Problem 1.3. If f(z) = 2% — 1, g(x) = 2z + 3 then fogof(1) =

Solution. fogof(1) = f(g(12—1) = f(2(0) +3) = f(3)=3>—-1=38 O

Problem 1.4. logz + log 3 + logz®.... + log 2?1 =

Solution. logx + log 2® +log x°.... + logz?"~! =

3 5

log(x S R _menfl) — 10g x1+3+5+ ..... +2n—1 _

log "’ = p2 log O

Problem 1.5. If log2 + 3 loga + 5 logb = log(a + b) then find the value of a,b

Solution. 2log2 + loga + logb = 2log(a + b)
log(4ab) = log(a + b)?
4ab = (a+0b)% (a—b?>=0,a=10b O

Problem 1.6. If f(z + 1) = 22 — 3z + 2 then f(z) =
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Solution. We have that f(z +1) = 22 — 3z + 2, f(x) = (x — 1)? — 3(x — 1) + 2, then
f(x)=2%—-52+6 O

Problem 1.7. If f(z) = 3242

2, then f~1(z) =

Solution. y = 322 5xy — 3y = 3z + 2, Replace y with x x(5y — 3) = 3y + 2

5x—37
3y+2 p— 3y+2 -1 3z+2
Hence, « = S22, f=1(y) = 942, f=1(q) = 3242 =

Problem 1.8. Domain of f(z) = log |logx|is

Solution. f(z) =log|logz|, f(x) is defined if |log > 0],z > 0. |logz > 0|, = not equal
1 and & > 0. Therefore, the domain is (0,1)U (1, c0) O

Pro‘z)lt)e)m 1.9. Given that f(z) = log 1*£ and g(z) = ?{"fg;z, then f(g(x)) = (with respct
to f(x

Solution. f(g(x)) = log(%) = log(%iggifigifiz) = log(%)?’ =3f(x) O

Problem 1.10. The domain of the function f(x) = cos_l(l%M) is

Solution. cosfl(lém') is defined if —1 < 1;|x| <1,,-3< —Jz| <1,,-1 < |z| <
3,7,’$| Z _]-

is true for all real values of = Hence, |z| < 3,,-3 < 2 < 3 Also cos™!(=52) >0

For all 2[—3,3]. Therefore the domain is [—3, 3] O

14cos 20+sin 20 -
Problem 1.11. The value of T coe 30 ain o 18

14+cos20+sin20 _ 2cos?f+2sinfcos® _ 2cos0(cosb+sinf) _ cot O ]

Solution. I—cos20+sin20 ~ 2sin?0+2sinfcosf ~ 2sinf(cosf+sinh)

Problem 1.12. If cot(a + 3) = 0 (where a, 3 € 15 quadrant), then sin(a + 28) =

Solution. cot(a+ ) = 0 means a+ 3 = 900. Therefore, sin(a+25) = sin((a+ )+ ) =
sin(90 + ) = cos 8 O

Problem 1.13. If % + cos(a — B)sec(a + B) + 17" =1 then tan a'tan 3

Solution. As 72%2313?5 + cos(o — B) sec(a+ ) +171 = 1, then f;rslga;fg * iﬁﬁfﬁ}g +

cos(a+p) -1
cos(a—pf)+cos(a+8)

tanoztanﬁ+Cosagzzsﬁgiggsmﬁ =1==> %tanatanﬁ—k% = 1 Hence, tanatan =1 0O

Problem 1.14. The least value of 2log;yz — log, 0.01 for z > 1 is

Solution. 2logy,z — log, 0.01 = 2logyyz + 2log, 10 = 2(¢ + %) >4
where t = log;y 2z and ¢ is (+) as x > 1. ]

In z+1 1og 5= T+ ... 1
Problem 1.15. If ¢ " "7 08ve TT08 g @T 08157 _ plln
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Solution. em*Hosvestlosgzat... logrgzz

Inz+2nz+3nz+...+10lnz=(1+2+3+...+10)lnz = 2L ny
=55Inz = Inx" O

Problem 1.16. The identity log, nlog, n + log, nlog.n + log. n log, n equals

Solution. logb n loga n+10gb n logc n+logc n loga n= log,, bllogn a + log,, bllogn c + log,, cllogn a

log,, c+log,, a+log, b log,, abc O
log,, alog, blog, ¢ ~ log, alog, blog, c

Problem 1.17. If l;ff = logy _ logz then the value of z%°z¢ is

c—a

. log
Solution. §

=

03
S
| |

982 — k Then, logz = k(b — ¢) ==> z = ¢"0=9) (i)
logy=k(c—a)==>zx=c¢
logz =k(a—10) =

Then, xaybzc _ ekab kac ekbe—kab . Jkac—kbe _ 0 _— 1(1V) AISO, lOgCE + logy + lOgZ _
k(b—c)+k(c—a)+k(a—b) =0

log(xyz) = 0,zyz =1 (v)

from (iv) and (v) 2%2¢ = zyz 0

Problem 1.18. If 1 < a < z,then the minimum value of log, x + log, a is

Solution. We have 1 <a <z .. 0 <loga < logz, iggg > 0 (using arithmetic mean and
geometric mean for positive number)

y log, xz+log, a > log zloga
t 2 = log zloga
logx + loga > 9 log zloga

loga logz = log zloga
log, x +log,a =2 O

then, log,z + log,a > 2 Hence, the minimum value of

Problem 1.19. Find the values of # for which the function f(#) = =22 is not defined

sin 6

Solution. f(0) is not defined when cosf —sinf =0
cosf =sinf,tanf = 1,0 = B + nx O

Problem 1.20. If cos pf = cos gf, p not equal g, then 6 =

Solution. Given, cospf = cos ¢f
pb = 2nm(+or—)qb

(p+or —q)f =2nm,then 0§ = (pfgf_q) O
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